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Abstrat
We show that (in ontrast to a rather ommon opinion) QM is
not a omplete theory. This is a statistial approximation of lassial
statistial mehanis on the innite dimensional phase spae. Suh an
approximation is based on the asymptoti expansion of lassial statis-
tial averages with respet to a small parameter κ. Therefore statisti-
al preditions of QM are only approximative and a better preision of
measurements would indue deviations of experimental averages from
quantum mehanial ones. In this note we present a natural physial
interpretation of κ as the time saling parameter (between quantum
and prequantum times).
1 Introdution
In [1℄ we showed that the onventional quantum formalism an be
obtained as a statistial approximation of lassial statistial mehan-
is on the innite dimensional phase spae. Suh an approximation
is based on the asymptoti expansion of lassial statistial averages
∗
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with respet to a small parameter κ. By representing points of the
phase spae ("hidden variables") by lassial vetor elds, ψ(x) =
(q(x), p(x)), we an interpret our prequantum theory as a eld theory,
prequantum lassial statistial eld theory - PCSFT.
We emphasize the basis of PCSFT is given by the model of "nonempty
vauum" induing so alled vauum utuations, f. SED, and dier-
ent variants of stohasti QM and random eld theory [2℄[11℄ (f. also
with "prespae" onsidered by B. Hiley [12℄ and in the probabilisti
framework in [13℄). The author was also strongly inuened by papers
[14℄-[18℄, and espeially the reent review [19℄.
In the present paper we interpret the small parameter κ as the
time saling parameter. This gives the possibility to ouple our model
with studies in general relativity, string theory and osmology on the
struture of spae-time on the Plankian sale.
To hoose the small parameter of our model, κ, we should hoose
quantum and prequantum time sales. There are a few dierent pos-
sibilities and we shall use one of them. We hoose the atom time-sale
in QM and the Plank time-sale in the prequantum lassial theory.
At the atom sale we onsider the Hartree time:
tq = tH =
~
EH
,
where EH is the Hartree energy. Under suh a hoie of time sales,
our small parameter is given by
κ =
tP
tH
≈ 10−27. (1)
The hoie of the atom time-sale is motivated by the fat that
this is the harateristi time sale of atom physis, physis in modern
laboratories. We an all this sale observational time sale. The
hoie of a prequantum time sale is an essentially more ompliated
problem. At the present time we are not able to observe diretly
prequantum utuations. Thus we do not know the harateristi
sale of those utuations. We an only speulate. The hoie of the
Plank time-sale is just one of suh speulations.
We show that QM an be interpreted as an approximative desrip-
tion of physial reality whih is obtained through negleting by time
intervals ∆t ≤ tP . We assume that suh time intervals are negligibly
small for some observer (so ∆t ≈ 0). Then ontributions of suh a mag-
nitude into averages an be negleted. And, hene, there an be used
the onventional quantum mehanial rules for omputing of averages.
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One of the main onsequenes of our approah for osmology is that
(in ontrast to the very ommon opinion) the Plank time tP is not
at all the "ultimate limit to our laws of physis" (in the sense of laws
of lassial physis). A rather ommon idea that only the quantum
desription is possible at the Plank sale for time and spae should
be ompleted by the following thesis: "Yes, the quantum desription
is possible, but it should be onsidered not as an alternative to the
lassial one, but as an approximation."
The ruial point is that in our framework "lassial" is not at
all "usual lassial" (i.e., lassial statistial mehanis on the phase
spae Ω = R3×R3), but "innite dimensional lassial". Thus at the
Plank sale physial spae is fundamentally innite dimensional. In
our approah the onventional mathematial model of physial spae,
namely R
3
, should be rejeted. We proeed in the similar way as it
was done in string theory, but, instead of nite dimensional models,
e.g., R
26, we should onsider innite dimensional physial spae.
We hope that our approah may larify the situation with on-
struting quantum gravity. It is well known that, in spite of a partial
suess, one ould not say that the "projet quantum gravity" was
ompletely suessful. Our approah says that suh a rather negative
result might be expeted. By our ideology "quantum" ∼ "approxima-
tive". But, if general relativity is really a omplete (lassial) physial
theory, quantum general relativity has no meaning. Even if general
relativity is not omplete theory and a ner desription is possible, it
is more natural to assume that suh a pre general relativity would be
a new lassial theory.
Mathematially our model is based on the Brownian motion in the
spae of lassial elds. The averaging with respet to a quantum state
given by the von Neumann density operatorD an be represented as an
approximation of averaging with respet to the lassial random eld
given by the Wiener proess (with the ovariane operator D) taking
values in the spae of lassial elds.
1
One an imagine quantum ran-
domness as purely lassial randomness whih is similar to randomness
of a Brownian partile. The only dierene is that, instead of motion
of a partile olliding with moleules, we onsider motion of a lassial
eld olliding with random eld media (utuations of the bakground
1
The ordinary Wiener proess is a map (t, ω)→ w(t, ω) ∈ R3, where t and ω are time
and hane parameters, respetively. We onsider the eld-valued Wiener proess whih
is a map (t, ω)→ w(t, ω) ∈ L2(R3). For eah (t, ω), the lassial eld ψ = w(t, ω) belongs
to the L2-spae: ψ = ψ(t, ω, x) is a random eld.
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eld). The ruial point is that suh a Brownian motion of lassial
elds is performed on a very quik time sale whih is essentially ner
than time sales approahable in modern physis. We are not able
to observe this random motion diretly (as we an do for the onven-
tional Brownian motion of partiles). Nevertheless, one ould expet
that sooner or later suh a ne time sale would be approahed and
e.g. eletron would be seen as a utuating lassial eld (interating
with the bakground eld). Our model supports expetations that it
would be possible to go beyond QM.
We point out to the following terminologial problem. Typially
the Plank sale is regarded as quantum sale. There are numer-
ous speulations that at this sale there is no more plae for lassial
physis and the quantum desription of phenomena is the only possi-
ble one. PCSFT does not support suh views. From the point of view
of PCSFT QM is an approximative theory. Therefore it is natural to
dene quantum sale as the sale of appliability of QM. In our ap-
proah this is the sale of quantum systems: atoms, eletrons, mesons,
neutrino,... This sale is far from the Plank sale. Thus the Plank
sale has nothing to do with really quantum sale. Moreover, PCSFT
does support the viewpoint that the Plank sale might be appropria-
tive for desription of prequantum utuations. Therefore we hoosen
this sale as a prequantum sale. Hene, in short:
In this paper the atom sale is alled qauntum, the Plank sale is
alled prequantum.
2 On the properties of lassial→quantum
orrespondene
We dene lassial statistial models in the following way, see [1℄ for
more detail (and even philosophi onsiderations): a) physial states
ω are represented by points of some set Ω (state spae); b) physial
variables are represented by funtions f : Ω → R belonging to some
funtional spae V (Ω); ) statistial states are represented by prob-
ability measures on Ω belonging to some lass S(Ω); d) the average
of a physial variable (whih is represented by a funtion f ∈ V (Ω))
with respet to a statistial state (whih is represented by a probability
4
measure ρ ∈ S(Ω)) is given by
< f >ρ≡
∫
Ω
f(ψ)dρ(ψ). (2)
A lassial statistial model is a pair M = (S, V ).2
The onventional quantum statistial model with the omplex Hilbert
state spae Ωc is desribed in the following way: a) physial observ-
ables are represented by operators A : Ωc → Ωc belonging to the lass
of ontinuous self-adjoint operators Ls ≡ Ls(Ωc); b) statistial states
are represented by von Neumann density operators (the lass of suh
operators is denoted by D ≡ D(Ωc)); d) the average of a physial
observable (whih is represented by the operator A ∈ Ls(Ωc)) with re-
spet to a statistial state (whih is represented by the density operator
D ∈ D(Ωc)) is given by von Neumann's formula:
< A >D≡ Tr DA (3)
The quantum statistial model is the pair Nquant = (D,Ls).
We are looking for a lassial statistial model M = (S, V ) whih
will provide dequantization of the quantum model Nquant = (D,Ls).
By dequantization we understand onstruting of a lassial statistial
model suh that averages given by this model an be approximated
by quantum averages. Approximation is based on the asymptoti ex-
pansion of lassial averages with respet to a small parameter. The
main term of this expansion oinides with the orresponding quantum
average.
One should not mix dequantization with so alled deformation
quantization, see e.g. [20℄. The fundamental priniple of deformation
quantization is so alled orrespondene priniple. By this priniple if
one onsiders the Plank onstant h as a small parameter then in the
h → 0 quantum mehanis is transformed into lassial mehanis on
the nite-dimensional phase spae  lassial mehanis of partiles.
In this framework quantum mehanis is onsidered as a theory whih
is more general (preise) than lassial mehanis of partiles. Only
by negleting by ations of the Plank magnitude one an apply the
lassial desription. If ations of the Plank magnitude are taken into
2
We reall that lassial statistial mehanis on the phase spae Ω2n = R
n × Rn
gives an example of a lassial statistial model. But we shall not be interested in this
example in our further onsiderations. We shall develop a lassial statistial model with
an innite-dimensional phase-spae.
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aount then the lassial mehanial desription of phenomena is not
more valid. Classial preditions (for statistis of partiles) an de-
viate from quantum preditions. The latter are onsidered as totally
preise. Suh deviations an be tested experimentally.
Dequantization should not be onsidered as the inverse operation
to deformation quantization. One point is that a lassial prequantum
model (whih we will onstrut) does not oinide with the onven-
tional lassial statistial mehanis on the nite dimensional phase
spae. Our prequantum model is not lassial statistial mehanis of
partiles, but it is statistial mehanis of lassial elds. Thus phase
spae has the innite dimension. Therefore deformation quantization
and dequantization simply operate on totally dierent phase spaes.
Another point (whih is the ruial one) is that in the dequanti-
zation framework not quantum mehanis, but prequantum lassial
statistial model provides a better desription of physial phenomena.
The quantum desription is only an approximative desription. It an
be applied only if one neglets by some small parameter (whih is time
sale parameter κ in this paper). By taking into aount this parameter
one obtains a better desription of physial phenomena. Preditions
of quantum mehanis should be violated. Those violations might be
tested experimentally.
We remark that the proedure of dequantization does not ontra-
dit to the proedure of deformation quantization.
3
These are two
dierent, but onsistent limiting proedures. We have the following
sale of statistial desriptions of physial reality:
Classical field theory→ Quantum mechanics (4)
→ Mechanics of classical particles (5)
In fat, all NO-GO theorems (e.g., von Neumann, Kohen-Speker,
Bell,...) an be interpreted as theorems about impossibility of various
dequantization proedures. Therefore we should dene the proedure
of dequantization in suh a way that there will be no ontradition
with known NO-GO theorems, but our dequantization proedure still
will be natural from the physial viewpoint. We dene (asymptoti)
dequantization as a family Mκ = (Sκ, V ) of lassial statistial mod-
els depending on small parameter κ ≥ 0. There should exist maps
T : Sκ → D and T : V → Ls suh that: a) both maps are surjetions
3
Although we do not want to ritisize the orrespondene priniple, we should remark
that this priniple (whih was elaborated by N. Bohr) has never beeen totally justied.
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(so all quantum states and observables an be represented as images
of lassial statistial states and variables, respetively); b) the map
T : V → Ls is R-linear (we reall that we onsider real-valued lassial
physial variables); ) the map T : S → D is injetion (there is one-to
one orrespondene between lassial and quantum statistial states);
d) lassial and quantum averages are oupled through the following
asymptoti equality:
< f >ρ= κ < T (f) >T (ρ) +O(κ
2), κ→ 0 (6)
(here < T (f) >T (ρ) is the quantum average); so:∫
Ω
f(ψ)dρ(ψ) = κ Tr DA +O(κ2), A = T(f),D = T(ρ). (7)
This equality an be interpreted in the following way. Let f(ψ) be a
lassial physial variable (desribing properties of mirosystems - las-
sial elds having very small magnitude κ).We dene its ampliation
by:
fκ(ψ) =
1
κ
f(ψ) (8)
(so any miro eet is amplied in
1
κ -times). Sine κ gives intensity
of vauum utuations, the quantity fκ an be interpreted as relative
intensity of f with respet to vauum utuations. For suh a relative
intensity, we have:
< fκ >ρ=< T (f) >T (ρ) +O(κ), κ→ 0. (9)
Hene: QM is a mathematial formalism desribing a statistial
approximation of relative intensities of lassial eld variables with re-
spet to vauum utuations.
4
4
We reall that in the von Neumann NO-GO theorem there was assumed that the
orrespondene T between lassial variables and quantum observables is one-to-one. Thus
our dequantization violates this von Neumann ondition. Therefore the von Neumann
theorem ould not be applied to PCSFT. On the other hand, the map T : V → Ls (given
by (15)) is R-linear as it was postulated by J. von Neumann (thus, e.g., T (f1 + f2) =
T (f1) + T (f2) even in the ase of nonommuting operators T (f1) and T (f2)). We reall
that this assumption was ritiized by many authors, in partiular, by J. Bell. The ruial
dierene with dequantizations onsidered in known NO-GO theorems is that in our
ase lassial and quantum averages are equal only asymptotially. We also remark that a
lassial variable f and the orresponding quantum observable A = T (f) an have dierent
ranges of values. In partiular, the latter possibility bloks appliation of Bell's theorem
to PCSFT.
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3 Prequantum lassial statistial eld
theory
We hoose the phase spae Ω = Q × P, where Q = P = H and
H is the innite-dimensional real (separable) Hilbert spae. We on-
sider Ω as the real Hilbert spae with the salar produt (ψ1, ψ2) =
(q1, q2) + (p1, p2). We denote by J the sympleti operator on Ω : J =(
0 1
−1 0
)
. Let us onsider the lass Lsymp(Ω) of bounded R-linear
operators A : Ω → Ω whih ommute with the sympleti operator:
A J= J A . This is a subalgebra of the algebra of bounded linear op-
erators L(Ω). We also onsider the spae of Lsymp,s(Ω) onsisting of
self-adjoint operators.
By using the operator J we an introdue on the phase spae Ω
the omplex struture. Here J is realized as −i.We denote Ω endowed
with this omplex struture by Ωc : Ωc ≡ Q ⊕ iP. We shall use it
later. At the moment onsider Ω as a real linear spae and onsider
its omplexiation ΩC = Ω⊕ iΩ.
Let us onsider the funtional spae Vsymp(Ω) onsisting of fun-
tions f : Ω → R suh that: a) the state of vauum is preserved :
f(0) = 0; b) f is J-invariant: f(Jψ) = f(ψ); ) f an be extended
to the analyti funtion f : ΩC → C having the exponential growth:
|f(ψ)| ≤ cferf‖ψ‖ for some cf , rf ≥ 0 and for all ψ ∈ ΩC. 5
The following trivial mathematial result plays the fundamental
role in establishing lassial → quantum orrespondene: Let f be a
smooth J-invariant funtion. Then f ′′(0) ∈ Lsymp,s(Ω). In partiular,
a quadrati form is J-invariant i it is determined by an operator
belonging to Lsymp,s(Ω).
We onsider the spae statistial states SκG,symp(Ω) onsisting of
measures ρ on Ω suh that: a) ρ has zero mean value; b) it is a Gaussian
measure; ) it is J-invariant; d) its dispersion has the magnitude κ.
Thus these are J-invariant Gaussian measures suh that∫
Ω
ψdρ(ψ) = 0 and σ2(ρ) =
∫
Ω
‖ψ‖2dρ(ψ) = κ, κ→ 0.
Suh measures desribe small Gaussian utuations of the vauum
5
We remark that the possibility to extend a funtion f analytially onto ΩC and the
exponential estimate on ΩC plays the important role in the asymptoti expansion of Gaus-
sian integrals. To get a mathematially rigor formulation, onditions in [1℄ should be
reformulated in the similar way.
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eld. The following trivial mathematial result plays the fundamental
role in establishing lassial → quantum orrespondene: Let a mea-
sure ρ be J-invariant. Then its ovariation operator B = cov ρ ∈
Lsymp,s(Ω). Here (By1, y2) =
∫
(y1, ψ)(y2, ψ)dρ(ψ).
We now onsider the omplex realization Ωc of the phase spae and
the orresponding omplex salar produt < ·, · > . We remark that
the lass of operators Lsymp(Ω) is mapped onto the lass of C-linear
operators L(Ωc). We also remark that, for any A ∈ Lsymp,s(Ω), real
and omplex quadrati forms oinide: (Aψ,ψ) =< Aψ,ψ > .We also
dene for any measure its omplex ovariation operator Bc = covcρ
by < Bcy1, y2 >=
∫
< y1, ψ >< ψ, y2 > dρ(ψ). We remark that for a
J-invariant measure ρ its omplex and real ovariation operators are
related as Bc = 2B. As a onsequene, we obtain that any J-invariant
Gaussian measure is uniquely determined by its omplex ovariation
operator. As in the real ase [1℄, we an prove that for any operator
A ∈ Lsymp,s(Ω) :
∫
Ω < Aψ,ψ > dρ(ψ) = Tr cov
cρ A.We pay attention
that the trae is onsidered with respet to the omplex inner produt.
We onsider now the one parameter family of lassial statistial
models:
Mκ = (SκG,symp(Ω),Vsymp(Ω)), κ ≥ 0, (10)
By making in the Gaussian innite-dimensional integral the hange
of variables (eld saling):
ψ =
√
κΨ, (11)
we obtain the following result:
Lemma 1. Let f ∈ Vsymp(Ω) and let ρ ∈ SκG,symp(Ω). Then the
following asymptoti equality holds:
< f >ρ=
κ
2
Tr Dc f ′′(0) + O(κ2), κ→ 0, (12)
where the operator Dc = covc ρ/κ. Here
O(κ2) = κ2R(κ, f, ρ), (13)
where |R(κ, f, ρ)| ≤ cf
∫
Ω e
rf‖Ψ‖dρDc(Ψ).
Here ρDc is the Gaussian measure with zero mean value and the
omplex ovariation operator Dc.
We see that the lassial average (omputed in the model Mκ =
(SκG,symp(Ω),Vsymp(Ω)) by using the measure-theoreti approah) is
9
oupled through (12) to the quantum average (omputed in the model
Nquant = (D(Ωc), Ls(Ωc)) by the von Neumann trae-formula).
The equality (12) an be used as the motivation for dening the
following lassial → quantum map T from the lassial statistial
model Mκ = (SκG,symp,Vsymp) onto the quantum statistial model
Nquant = (D,Ls) :
T : SκG,symp(Ω)→ D(Ωc), Dc = T (ρ) =
covc ρ
κ
(14)
(the Gaussian measure ρ is represented by the density matrix Dc whih
is equal to the omplex ovariation operator of this measure normalized
by κ);
T : Vsymp(Ω)→ Ls(Ωc), Aquant = T (f) = 1
2
f ′′(0). (15)
Our previous onsiderations an be presented as
Theorem 1. The one parametri family of lassial statistial
models Mκ = (SκG,symp(Ω),Vsymp(Ω)) provides dequantization of the
quantum model Nquant = (D(Ωc), Ls(Ωc)) through the pair of maps
(14) and (15). The lassial and quantum averages are oupled by the
asymptoti equality (12).
4 Time-saling for innite-dimensional
Wiener proess
Let wDs , s ≥ 0, be the Ω-valued Wiener proess orresponding to the
trae lass (self-adjoint) operator D ≥ 0 with TrD = 1.We also assume
that D is J-ommuting. Thus
E < φ,wDs >= 0, φ ∈ Ω, (16)
E < φ1, w
D
s >< w
D
s , φ2 >= s < Dφ1, φ2 >,φ1, φ2 ∈ Ω. (17)
Then we have:
Prob. law (wDκs : s ≥ 0) = Prob. law (κ1/2wDs : s ≥ 0) (18)
for any κ > 0. We shall see that by (18) our κ1/2-saling of ψ ∈ Ω an
be onsidered as the result of κ-saling of time.
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Our basi postulate is that quantum formalism arises as the result
of an approximation based on the time saling
Let us onsider a "prequantum time sale" that is essentially ner
6
than the quantum time sale. We suppose that these two time sales
an be oupled through a small saling parameter κ > 0. Denote the
prequantum and quantum times by symbols s and t respetively. We
suppose that:
t = κs (19)
Here κ is a dimensionless parameter. It is assumed that
κ << 1 (20)
Thus the unit interval s = 1 of the pre-quantum time orresponds to
a small interval t = κ of the quantum time. We an also say that the
unit interval t = 1 of quantum time orresponds to a huge interval
s = 1κ of the prequantum time. Moreover, if κ → 0, then s = 1κ →
∞. Therefore at the prequantum time sale quantum proesses have
pratially innite duration.
Let us onsider the time saling (19) for the Wiener proesses wDs .
We set
WDt = w
D
κs.
The formula (18) implies that, for any ontinuous funtion f : Ω→ R
(whih is integrable with respet to any Gaussian measure on Ω), we
have:
Ef(WDκ ) = Ef(κ
1/2wD1 ). (21)
This is nothing else than the basi "eld-saling" formula (11)! We
interpret WDt as the Wiener proess with respet to the quantum time
t and wDs as the Wiener proess with respet to the prequantum time
s.
The triky thing with the quantum formalism is that it does not
give a possibility to nd exatly the average Ef(WDt ) with respet to
the "quantum Wiener proess" WDt . The main problem is that the
interval t = κ is negligibly small (from the QM-viewpoint).
The quantum formalism provides only an approximation of the
lassial average Ef(WDκ ).
Moreover, to produe observable eets, the lassial physial vari-
able f should be amplied: f → fκ ≡ 1κf.
6
The meaning of "essentially" would be disussed later.
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In suh an approah to QM, we an proeed through expanding the
right-hand side of (16) into series with respet to the saling parameter
κ1/2. If we take f ∈ Vsymp(Ω) then by using the probabilisti notations
we an repeat onsiderations of setion 3:
Efκ(W
D
κ ) = Efκ(κ
1/2wD1 ) =
1
2
E(f ′′(0)wD1 , w
D
1 ) +O(κ), κ→ 0. (22)
Therefore, for nonquadrati maps f : Ω → R, QM gives only an
approximation < fκ >D= TrDf
′′(0) of the real average Efκ(W
D
κ ).
The dierene between statistial preditions of QM and PCSFT
is of the magnitude κ, where κ is the saling parameter oupling the
prequantum and quantum time sales, see (19). What is a magnitude
of the time saling fator κ?
Thus by taking into aount Brownian utuations on the pre-
quantum time sale we an say that prequantum statistial states are
given by Wiener measures PD on the spae C0([0, κ]), of trajetories
ψ : [0, κ] → Ω, ψ(0) = 0. Denote this spae of suh Wiener measures
by the symbol SG,symp(C0([0, κ]),Ω) (we reall that [D,J ] = 0).
This is the spae of statistial states of our new prequantum las-
sial statistial model. As the spae of lassial physial variables, we
should hoose some subspae of the spae of ontinuous funtionals
f : C0([0, κ],Ω) → R.
Sine all our onsiderations are oupled to the xed moment of
(quantum) time t = κ, we an restrit our onsiderations to the lass
of funtionals whih depend only on ψ(κ). So we an hoose the spae
of lassial physial variables onsisting of funtionals of trajetories,
ψ : [0, κ] → Ω, of the form ψ(·) → f(ψ(κ)), f ∈ Vsymp(Ω). We denote
this lass by the symbol Vsymp(C0([0, κ],Ω)).
Thus, nally, we onsider the following lassial statistial model
on phase spae onsisting of trajetories Ω˜κ = C0([0, κ],Ω) :
M˜κ = (SG,symp(Ω˜
κ),Vsymp(Ω˜κ)).
We dene the maps T in the same way as in setion 3:
T : SG,symp(Ω˜
κ)→ D(Ωc), T (PD) = D; (23)
T : Vsymp(Ω˜κ)→ Ls(Ωc), T (f) = f ′′(0)/2. (24)
Theorem 2. The family of lassial statistial model M˜κ, κ > 0,
and the pair of maps (23), (24) provide dequantization of the onven-
tional Dira-von Neumann quantum model Nquant.
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5 The magnitude of time saling
To get the small parameter of our model κ, we should hoose quantum
and prequantum time sales. There are a few dierent possibilities
and we shall disuss one of them. We hoose the atom time-sale in
QM and the Plank time-sale in the prequantum lassial theory. At
the atom sale we onsider the Hartree time:
tq = tH =
~
EH
(25)
Here
EH =
~
2
mea20
= mec
2α2 ≈ 4.35974417(75)10−18J
is the Hartree energy, me is the eletron mass, a0 is the Bohr radius,
and α is the ne struture onstant. Hene:
tq =
~
mec2α2
≈ 2.4188884326505(16) × 10−17s
And we have:
tprq = tP =
√
~G
c5
≈ 5.39121(40) × 10−44s (26)
Therefore our time saling parameter
κ =
tprq
tq
=
tP
tH
= α2me
√
G
c~
= α2
me
mP
, (27)
where
mP =
√
~c
G
≈ 2.176 × 10−11gr
is the Plank mass. Thus our time-saling parameter has the magni-
tude:
κ ∼ 10−27.
Under suh a hoie of the prequantum sale the dierene between
statistial preditions of PCSFT and QM (given by (22) is of the order
10−27. Thus, if, e.g., the lassial physial variable
f(ψ) =
1
2
< Aψ,ψ > +
1
4
< Aψ,ψ >2, A ∈ Ls,
then the dierene between the quantum predition (< A >D= TrDA)
and the PCSFT-predition should be of the order 10−27. (Of ourse,
under the assumption that the Plank time tP really provides the or-
ret prequantum time-sale!)
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6 Links to general relativity, string the-
ory, osmology
6.1 Sub-Plankian time
We see that in the PCSFT-framework it is possible to do lassial
physis on sub-Plankian time sale
7
. We reall that aording to a
rather ommon opinion the Plank time is "the ultimate limit to our
laws of physis". By this point of view any lassial desription of
physial reality is impossible for the sub-Plankian time. Moreover,
there is the opinion that even the notion of time beomes meaningless
for s < tP , see, e.g., WikipediA (The free Enylopedia) for this very
popular viewpoint: "However, the Plank time tP may not be taken
as a "quantum of time." Within the framework of the laws of physis
as we understand them today, we an neither measure nor disern any
dierene between the universe at the time it rst ame into existene
and the universe anything less than 1 Plank time later."
In the opposition to this opinion, in our approah stohasti dy-
namis on the sub-Plankian sale (dynamis with respet to the "pre-
quantum time" s) plays the fundamental role in reprodution of quan-
tum averages.
6.2 Sub-Plankian spae
By onsidering the sub-Plankian time sale we should also onsider
the sub-Plankian length sale. However, this is not the ase in our
model.
8
In fat, by onsidering phase spae Ω = Q×P, where Q = P = H is
the real (separable) Hilbert spae, we exlude from the very beginning
the physial spae R
3
from onsideration. Of ourse, one ould hoose
the representation of H by L2(R
3), but we did this sometimes only to
7
The main distinguishing feature of suh lassial models is the innite-dimension of
phase spae.
8
The onventional interpretation is that the Plank time is the time it would take a
photon traveling at the speed of light to ross a distane equal to the Plank length.
Our approah, PCSFT, is a purely eld model of reality, f. Einstein [23℄. Moreover, we
onsider elds not as "real waves" on the nite dimensional physial spae, but as points
of the innite dimensional spae. In PCSFT time is the evolutional parameter not for
dynamis in the onventional physial spae, but in the innite dimensional Hilbert spae.
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ouple our model to physis of lassial elds. In priniple, there are
no reasons to introdue the physial spae into onsideration.
This is a good plae to disuss the role of physial spae represented
by R
3
in our model. In PCSFT the real physial spae is Hilbert spae.
If we hoose the realization
H = L2(R
3),
then we obtain the realization of H as the spae of lassial elds on
R
3. So the onventional spae R3 appears only through this speial
representation of the Hilbert onguration spae. Dynamis in R
3
in
just a shadow of dynamis in the spae of elds. However, we an
hoose other representations of Hilbert onguration spae. In this
way we shall obtain lassial elds dened on other physial spaes.
We remark that at rst sight the situation with development of
PCSFT is somewhat reminisent of the one onfronted by Srödinger
in his introdution of his wave equation, whih maps waves in the
onguration spae (the idea that in part derives from Hamilton's
mehanial-optial analogy that led Hamilton to his version of lassial
mehanis). However, as is well known, in the spei ase onsidered
by Srödinger, the onguration spae and the physial spae were
both R
3, whih oinidene was in part responsible for Srödinger's
hope that his equation desribes an atual physial (wave) proess in
spae-time. This hope did not materialize, given that in general the
onguration spae of physial systems is not R
3. The diulties of
Shrödinger's program quikly led to Born's interpretation of the wave
funtion in terms of probability or, as Srödinger himself ame to all
it expetation atalogue, whih view is entral in the orthodox or
Copenhagen interpretation of quantum mehanis. Even though he
had, just as did Einstein, major reservations onerning quantum me-
hanis as the ultimate theory of quantum phenomena, Srödinger
never went so far as to see any spae other than R
3
as real.
The same an be said about Einstein's attempts to go beyond quan-
tum mehanis. His attempts, see, e.g., [23℄, to reate purely eld
model of physial reality did not indue rejetion of the onventional
model of physial spae. Nevertheless, some of his omments might
be interpreted as signs as oming rejetion of the onventional model
of physial spae, see [23℄: Spae-time does not laim existene on its
own, but only as a strutural quality of the eld. The requirement
of general ovariane takes away from spae and time the last rem-
nant of physial objetivity. And the following Einstein's remark is
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espeially important for PCSFT's view to physial spae: There is no
suh thing as an empty spae, i.e., a spae without eld. Spae-time
does not laim existene on its own, but only as a strutural quality
of the eld. L. De Broglie in his theory of double solution (the rst
hidden variable model) emphasized the fundamental role of physial
spaeR3. Suh a viewpoint also was ommon for adherents of Bohmian
mehanis (in any ase for D. Bohm and J. Bell). We an onlude
that all former models with eld-like hidden variables were based on
the onventional model of physial spae, namely R
3.
On the other hand, string theory does introdue spaes of higher
dimensions, although not of innite dimensions. This approah was
one of inspirations for our radial viewpoint to physial spae. One
ould speulate that on sales of quantum gravity and string theory
spae beame innite dimensional, just as those theories the spae has
the (nite) dimension higher than three. (In our approah quantum
theory is not the ultimate theory. It has its boundaries of appliations.
Therefore there are no reasons to expet that quantum gravity should
exist at all. Thus it would be better to speak not about sales of
quantum gravity, but simply about the Plank sale for length and
time).
Starting with lassial statistial mehanis on the innite dimen-
sional physial spae (PCSFT), we rst obtain quantum mehanis
and then lassial statistial mehanis on the nite-dimensional phase
spae:
lim
h→0
lim
κ→0
M˜κ = lim
h→0
Nhquant ==Mconv.class.. (28)
7 Nonvauum utuations
The asymptoti equality (22) an be written in the following way (sine
we onsider the lass of funtions with f(0) = 0) :
lim
κ→0
E
[f(WDκ )− f(0)
κ
]
=< T (f) >T (PD)≡
1
2
TrDf ′′(0). (29)
Denote the average (lassial!) Ef(ψ+WDκ ) by the symbol f¯(κ, ψ), ψ ∈
Ω. We have:
Proposition 1. The quantum average an be represented as the
derivative (at the vauum point ψ = 0) of the lassial average f¯(κ, ψ)
at κ = 0 :
∂f¯
∂κ
(0, 0) =< T (f) >T (PD) . (30)
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We pay attention that
U(g)(ψ) = 1
2
TrDg′′(ψ) (31)
is the innitesimal generator of the Wiener proess WDt , and the fun-
tion f¯(t, ψ) = Ef(ψ +WDt ) is the solution of the Cauhy problem:
∂f¯
∂t
(t, ψ) =
1
2
TrD f¯ ′′(t, ψ), (32)
f¯(0, ψ) = f(ψ) (33)
In the same way as we onsidered utuations of the vauum eld:
ψvacuum +W
D
t (ω) ≡WDt (ω), we an onsider utuations of any eld
ψ0 ∈ Ω : ψ0+WDt (ω). From the purely mathematial viewpoint, there
is no dierene between suh models. Sine the dierential operator
U given by (31) is the innitesimal generator, we have the analogue of
the asymptoti expansion for any ψ0 ∈ Ω :
Efκ(ψ0 +W
D
κ ) =
1
2
E(f ′′(ψ0)w
D
1 , w
D
1 ) +O(κ), κ→ 0, (34)
for any f suh that fψ0(ψ) ≡ f(ψ − ψ0) ∈ Vsymp(Ω). Denote by Pψ0,D
the Wiener measure on the spae of trajetories Cψ0([0, κ],Ω) orre-
sponding to the proess ψ0 +W
D
t . Here the spae Cψ0([0, κ],Ω) on-
sists of all ontinuous trajetories ψ : [0, κ] → Ω, ψ(0) = ψ0. Denote
the spae of suh Wiener measures by the symbol SG,symp(Ω˜
κ
ψ0
), where
Ω˜κψ0 = Cψ0([0, κ],Ω).
We onsider the lassial statistial model orresponding to the
hoie of ψ0 as a (deterministi) bakground eld:
M˜κψ0 = (SG,symp(Ω˜
κ
ψ0),Vsymp(Ω˜κψ0)).
Sine, for any f ∈ Vsymp(Ω˜κψ0),
< f >Pψ0,D=
∫
Ω˜κ
ψ0
f(ψ)dPψ0,D(ψ) = Ef(ψ0 +W
D
κ ),
by (34) we have
< fκ >Pψ0,D=
1
2
TrDf ′′(ψ0) + O(κ), κ→ 0. (35)
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We modify the T -maps for lassial statistial states and variables:
T : SG,symp(Ω˜
κ
ψ0)→ D(Ωc), T (Pψ0,D) = D; (36)
T : Vsymp(Ω˜κψ0)→ Ls(Ωc), T (f) = f ′′(ψ0)/2. (37)
Theorem 3. For any ψ0 ∈ Ω, the lassial statistial model M˜κψ0
and the pair of maps (36), (37) provide dequantization of the onven-
tional Dira-von Neumann quantum model Nquant.
If we onsider a funtion f : Ω→ R suh that f(ψ0) 6= 0, then (35)
is modied into
f¯(κ, ψ0)− f(ψ0)
κ
=
1
2
TrD f¯ ′′(ψ0) + O(κ), κ→ 0, (38)
or
∂f¯(0, ψ0)
∂κ
= U(f¯)(ψ0) ≡ 1
2
TrD f¯ ′′(ψ0). (39)
Thus we found that the operator of quantum averaging f → 12TrDf ′′(ψ0)
is nothing else than the innitesimal generator of the prequantum
Wiener proess.
Remark. (Why the vauum bakground?) As we have seen the
same quantum model an be derived starting with utuations of any
bakground eld ψ0. The quantum model applied in physis only for
ψ0 = 0, beause eets of small magnitudes ould not be extrated in
the presene of a nontrivial bakground eld ψ0.
8 Appendix: no-go theorems, PCSFT
and nonloality
8.1 Comparing with no-go theorems of von Neu-
mann, Cohen-Speker and Bell
The referee of this paper made the following remark on PCST: The
author attempts to derive quantum mehanis from a lassial phase
spae whih is innite dimensional. If this is a orret theory it seems
to imply that quantum mehanis should be derivable from lassial
physis in the limit of an innite number of partiles. A lassial sys-
tem of N non-relativisti partiles moving in 3-dimensional Eulidean
spae has a phase spae whih is R
6N
. As N →∞ this would seem to
18
agree with the author's starting point. If this is the ase then quan-
tum mehanis would be derivable from lassial uid dynamis and
I do not believe that this is possible. The ruial problem in suh a
disussion is interpreting the word derive. In fat, we do not laim
that QM an be reprodued as a part of lassial phase spae mehan-
is. We study possibilities to map the lassial phase spae mehanis
onto QM. As we have seen, our lassial→ quantum mapping is a
rather speial  in partiular, it is not one-to-one,- but, nevertheless,
there is an asymptoti orrespondene bewteen lassial and quantum
averages.
However, there are no-go theorems for mathematial attempts to
have a map from lassial variables to quantum operators whih pre-
serves statistis, e.g., theorems of von Neumann, Cohen-Speker and
Bell. The no-go theorems say: No suh map exists. In this paper we
onstruted suh a map. What goes?
Our onstrution does not ontradit to known no-go theorems,
sine our map T does not satisfy some onditions of those theorems.
An important ondition in all suh theorems is that the range of val-
ues of a lassial variable f should oinide with the spetrum of the
orresponding quantum operator T (f)  the range of values postu-
late. This postulate is violated in our framework. As we have seen,
the lassial spin variables are ontinuous and the quantum spin op-
erators have disrete spetrum. Nevertheless, lassial averages an
be approximated by quantum. Our prequantum lassial statistial
model is not about observations, but about onti reality (reality as it
is when nobody looks at it).
Henry Stapp pointed out [24℄: The problem, basially, is that to
apply quantum theory, one must divide the fundamentally undened
physial world into two idealized parts, the observed and observing
system, but the theory gives no adequate desription of onnetion
between these two parts. The probability funtion is a funtion of
degrees of freedom of the mirosopi observed system, whereas the
probabilities it denes are probabilities of responses of marosopi
measuring devies, and these responses are desribed in terms of quite
dierent degrees of freedom. Sine we do know yet from physis so
muh about features of lassial→ quantum orrespondene map T, we
have the freedom to hange some onditions whih were postulated in
the known no-go theorems  for example, the range of values ondition.
Rejetion of this assumption is quite natural, sine, as was pointed by
Stapp, a lassial variable f and its quantum ounterpart T (f) depend
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on ompletely dierent degrees of freedom.
8.2 Is prequantum lassial statistial eld the-
ory nonloal?
As we have seen, PCSFT does not ontradit to the known no-go the-
orems, in partiular, to Bell's theorem. Therefore this theory might
be loal. However, it is not easy to formulate the problem of loal-
ity/nonloality in the PCSTF-framework. It is not about observations.
Thus we ould not apply Bell's approah to loality as loality of ob-
servations. On the other hand, on the onti level PCSTF operates not
with partiles, but with elds. At the rst sight, suh a theory is non-
loal by its denition, sine elds are not loalized. But in eld theory
there was established a dierent viewpoint to loality and we know
that both lassial and quantum eld theories are loal. To formulate
the problem of loality for PCSTF, we should proeed in the same way.
Therefore we should develop a relativisti version of PCSTF. There are
some tehnial and even ideologial problems. As we know, relativisti
quantum mehanis is not a well established theory (at least this is a
rather ommon opinion). Thus it is meaningless to develop a rela-
tivisti variant of PCSTF whih would reprodue relativisti quantum
mehanis. The most natural way of development is to onstrut a
kind of PCSTF not for quantum mehanis, but for quantum eld
theory and study the problem of loality in suh a framework. It is an
interesting and ompliated problem whih will be studied in oming
papers of the author.
8.3 Classial statistial model for QFT
The sheme (4), (5) is not the nal sheme of desriptions of physial
reality.
It is well known that deformation quantization an be performed
not only on the nite dimensional, but even on innite dimensional
phase spae  so alled seond quantization, see e.g. [20℄ (diretly
in the ase of superelds). In this way one nds the orrespondene
priniple between quantum eld theory and lassial eld theory, see
[20℄ for the rigorous mathematial formulation of this priniple. We
again use the Plank onstant as a small parameter.
On the other hand, in [21℄ we performed dequantization of quantum
eld theory. The orresponding lassial statistial model is based on
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funtionals of lassial elds, ψ → F (ψ). Averaging in QFT an be
onsidered as an approximation of lassial averaging on the spae of
eld funtionals.
Combining dequantization for QFT and the orrespondene prin-
iple for seond quantization, we obtain the following sheme of de-
sriptions of physial reality:
Theory of functionals of classical fields→ Quantum field theory
(40)
→ Classical field theory (41)
The ruial point is that the time sales for lassial eld theory in
two shemes (4), (5) and (40), (41) are dierent. In the rst one we
onsider the quik time sale:
Classical field theoryquick time → Quantum mechanics (42)
→ Mechanics of classical particles (43)
In the seond one we onsider the slow time sale:
Theory of functionals of classical fields→ Quantum field theory
(44)
→ Classical field theoryslow time (45)
In priniple we an proeed as long as we like. In [22℄ I proposed
so alled third quantization, deformation quantization for funtionals
of lassial elds. In this way one an onstrut quantum theory of
funtionals of lassial elds. This theory also an be dequantized and
so on.
Conlusion. We developed onsistently the viewpoint on QM as
an approximative theory
9
for alulation of averages with respet to
lassial random elds. The parameter of the asymptoti expansion for
lassial averages is determined by two time sales, the quantum time
sale (the atomi time sale in our terminology) and the prequantum
time sale (the Plank time sale in this paper).
10
The rst one is a
9
Cf. with the approah based on the nonlinear Shrödinger equation [25℄[28℄; see [29℄,
[30℄ for the nonlinear Shrödinger equation in the PCSFT-framework.
10
This paper was strongly motivated by the paper of G. F.R. Ellis and T. Buhert [31℄
on the role of saling in general relativity and osmology. We start with some itations
from this paper: "Any mathematial desription of a physial system depends on an
averaging sale haraterizing the nature of the envisaged model. This averaging sale
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slow time sale and the seond one is a quik time sale. We presented
a lassial model, PCSFT, whih gives the possibility to go beyond QM
and beyond the Plank time sale.
I would like to thank Börje Nilsson for numerous disussions on
sale-analysis in lassial and quantum physis and G. `t Hooft and A.
Leggett for disussions on possibilities to go beyond QM.
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